We compute the E-homology of the moduli stack M of objects in the derived category of a smooth complex projective variety X, where E is a complex-oriented homology theory with rational coefficient ring. For curves, surfaces, and some 3-and 4-folds we identify Joyce's vertex algebra construction on E * (M) with a generalised super-lattice vertex algebra associated to
Introduction
In [44] Joyce constructs a graded vertex algebra structure on the homology of moduli stacks M of objects in certain dg-categories A. This is done by writing down explicit fields that depend on the following extra data:
• a quotient K(A) of the Grothendieck group K 0 (A),
• signs ǫ α,β ∈ {±1} for all α, β ∈ K(A),
• a perfect complex Θ • ∈ Perf(M × M), and
• a symmetric Z-bilinear form χ : K(A) × K(A) Z.
These data are to satisfy certain conditions [44, 4.1-2] , in which case we say that M is a singular ring.
One goal of this theory is to provide a framework for expressing wall-crossing formulas for Donaldson-Thomas type invariants of Calabi-Yau 4-folds (see BorisovJoyce [16] and Cao-Leung [23] ), Donaldson-Thomas invariants of Fano 3-folds (see Thomas [74] ), and Donaldson invariants of algebraic surfaces (see Mochizuki [61] ). Note that these invariants are non-motivic.
It is already known that the wall-crossing formula for generalised DonaldsonThomas invariants of Calabi-Yau 3-folds can be expressed solely in terms of the Lie bracket of a Ringel-Hall algebra of stack functions [45, Thm. 3.14] . However, the formalism of Ringel-Hall algebras of stack functions is only useful for motivic invariants. So, for the aforementioned enumerative theories, one needs a different Lie algebra. Vertex algebras are one source of Lie algebras.
Vertex algebras are a complicated algebraic structure originating in conformal field theory. The mathematically rigorous definition of vertex algebra is due to Borcherds-first appearing in his work on the monster moonshine conjectures [17] . A (graded) vertex algebra is the data of a (graded) vector space V , a distinguished element vector |0 called a vacuum vector, and a linear map
] v n∈Z v n z −n−1 called a state-to-field correspondence subject to certain physically motivated axioms. Given a vertex algebra, for each n ∈ Z, there is a binary operation (v, w) v n (w). One could regard these operations as something like Lie brackets. From that perspective, a vertex algebra is an infinitary Lie algebra possessing infinitely many Lie brackets that satisfy infinitely many identities which resemble anti-symmetry and the Jacobi identity. In fact, after modding out a certain ideal I V , (v, w) v 0 (w) is a genuine Lie bracket on V /I V .
It may not be obvious from this discussion why vertex algebras appear in moduli theory. The answer should come from Borcherd's bicharacter construction. In [18] Borcherds defines a notion of "singular ring" in a certain functor category and shows that vertex algebras are equivalent to commutative singular rings. This theory is set up with a view towards constructing quantum deformations of vertex algebras, although it also allows one to write down many examples of vertex algebras from the data of a bialgebra with a compatible derivation and a compatible (symmetric) bicharacter. In our case, the direct sum of objects in A induces a bialgebra structure on the homology of M, the [ * /G m ] action on M gives a derivation, and a symmetric bicharacter ought to be producible from a perfect complex Θ
• ∈ Perf(M × M) such that
for some n ∈ Z, where σ : M × M M × M denotes the exchange of factors map. The natural choice of Θ
• is simplest when A is 2n-Calabi-Yau; although there is still a natural choice for more general categories. In the (2n+1)-CalabiYau case, symmetrising Θ
• will produce a holomorphic (e.g. trivial) vertex algebra. Instead one can relax the symmetry requirement on Θ
• and obtain a generalised vertex algebra called a non-local vertex algebra. In forthcoming work, Meinhardt generalises Joyce's construction to show how one can produce (non-local) graded vertex algebra structures on the E-homology of M, where E is any complex-oriented homology theory [58] .
The present document is dedicated to computing examples of this abstract theory. The example when M is the moduli stack of objects in the derived category of representations of a finite quiver Q = (Q 0 , Q 1 , t, h) was worked out by Joyce [44] . In this case, H * (M, Q) is the graded lattice vertex algebra associated to the lattice Z |Q0| whose integral structure is given by the Euler form when A is 2n-Calabi-Yau and otherwise given by the symmetrised Euler form. We consider the moduli stack M of objects in the C-dg-category Perf(X) of perfect complexes of coherent sheaves on a smooth complex projective variety X.
Blanc proved that the topological realisation of M has the homotopy type of the semi-topological K-theory spectrum of Perf(X) [14, Thm. 4.21] . AntieuHeller then prove that the semi-topological K-theory spectrum of Perf(X) has the homotopy type of the semi-topological K-theory spectrum of X itself [4, Thm. 2.3] . From this, after proving that the identity component of Ω ∞ K sst (X) has finite Betti numbers (Lemma 5.3), we are able to apply the Milnor-Moore theorem to compute the rational homology of M-obtaining
where Q[−] denotes the group Q-algebra and SSym Q [−] denotes the free supersymmetric e.g. commutative-graded Q-algebra. Unfortunately, computing semi-topological K-groups is difficult. There is a certain class of smooth complex projective varieties, however, for which K i sst (X) is isomorphic to K i top (X an ) for all i > 0. We call this class D (Def. 5.5). Varieties in class D include all curves, all surfaces, and certain 3-and 4-folds. For them, there is a homotopy equivalence between the topological realisation of the moduli space of objects in their derived categories and the complex topological K-theory space of their underlying analytic spaces.
1 Using Brown-Szarba and Haefliger's models of the rational homotopy types of mapping spaces and evaluation maps, we find that the rational cohomology of moduli stacks of perfect complexes of coherent sheaves on varieties in class D is freely generated by Künneth components of Chern classes of the universal complex (Thm. 5.13). In these cases, we can compute an explicit graded vertex algebra. Theorem 1.1 (see Thm. 6.8) . Let X be a smooth complex projective variety in class D. Let E be a complex-oriented spectrum such that R := E * (pt) is a Q-algebra and let M denote the moduli stack of objects in Perf(X). Let E • denote the universal complex over X × M, let Ext
1 For curves, this fact is obtained by taking a homotopy-theoretic group completion of Kirwan's theorem comparing homologies of spaces of holomorphic and of continuous maps from Riemann surfaces into Grassmannians [48, Thm. 1.2]. For higher-dimensional varieties, this is more surprising and the author thinks of it as something like the Atiyah-Jones conjecture [10] .
for some n ∈ Z, taking symmetric form to be the restriction of the symmetrisation χ sym (v, w) = χ(v, w)+χ(w, v) of χ to K 0 sst (X), and ǫ α,β = (−1)
where (1.2) is given the structure of the generalised super-lattice vertex R-algebra associated to
2. Suppose that X is 2n-Calabi-Yau and that for all α, β ∈ K 0 sst (X) we are given signs ǫ α,β ∈ {±1} such that {ǫ α,β } is a solution of (3.3)-(3.5) . Then shifted 2 E-homology E * (M) is made into a graded vertex R-algebra
∨ , taking symmetric form to be χ, and taking ǫ α,β as signs in (4.3) . Then E * (M) is isomorphic, as a graded vertex R-algebra, to
where (1.3) is given the structure of the generalised super-lattice vertex R-algebra associated to the (K
. Up to isomorphism, this graded vertex R-algebra is independent of the representative of the cohomology class
Let X be a K3 surface and let E, R, and M, as in Theorem 1.1. Then K 0 top (X an ) is a lattice and K 1 top (X an ) ∼ = 0 so that the fermionic part of (1.3) vanishes. Thus E * (M) is the ordinary (graded) lattice vertex R-algebra associated to the Mukai lattice (with restricted group algebra
The generalisation from rational homology to complex-oriented homology theories with rational coefficient rings is a mild one. Although one might wonder why we bother introducing general complex-oriented theories if we are going to rationalise them. Our motivation is that virtual cycles for refined Vafa-Witten invariants of algebraic surfaces take values in rational cobordism (see [39] ) and a wall crossing formula for algebraic cobordism invariants of a smooth complex projective surface S may prove an interesting conjecture of Göttsche-Kool [39, Conj. 1.2]. We suspect that 1. This wall crossing formula is an instance of a universal wall-crossing formula [43] , which also appears in the works of Joyce-Song [45] , TanakaThomas [73] , and Maulik-Thomas [53] .
2. This wall-crossing formula is expressed using the graded Lie bracket extracted from the graded vertex algebra structure constructed on the rational complex bordism of the moduli stack of objects in the derived category of S.
Shen's virtual cobordism classes for moduli spaces of sheaves on 3-folds also take values in rational cobordism [70] . The algebraic cobordism DT/PT conjecture for a smooth projective 3-fold X may also follow from a wall-crossing formula, in the derived category, for the algebraic cobordism invariants of X; in line with the proofs of the homological DT/PT conjecture for Calabi-Yau 3-folds given by Bridgeland [19] and Toda [78] .
In section 2, we review the necessary background from algebraic topology: spectra, complex-oriented cohomology theories, and group completions. We are forced to introduce spectra for two reasons. The first reason is that the topological realisations of the moduli stacks we are interested in have the homotopy types of infinite loop spaces and the homotopy theory of infinite loop spaces is equivalent to the homotopy theory of connective Ω-spectra. The second reason is that the topological realisations of our moduli stacks are homotopically noncompact; that is, they are infinite CW complexes. For infinite CW complexes the usual definition of complex topological K-theory is poorly behaved. Instead, one defines the complex topological K-theory of an infinite CW complex directly using the representing spectrum KU . Group completion theory allows us to reduce questions about maps from M top to a group-like H-space (such as a classifying space) to questions about maps from the underlying analytic space of the C-ind-scheme Map alg (X, Gr). This C-ind-scheme parameterises globally generated algebraic vector bundles on X. This can turn certain questions about complexes into questions about vector bundles. For example, this technique was used in [22] to prove orientability of moduli spaces of coherent sheaves on Calabi-Yau 4-folds. This kind of argument is also used in sections 5 and 6.
In section 3 we introduce graded vertex algebras. We give three examples: a graded vertex algebra associated to a finitely generated abelian group equipped with a symmetric Z-bilinear form and a map from another finitely generated abelian group, a graded vertex algebra associated to a finitely generated abelian group which is equipped with an anti-symmetric Z-bilinear form, and tensor products of graded vertex algebras. A generalised super-lattice vertex algebra, as referenced in Theorem 1.1, is a kind of tensor product graded vertex algebra which is associated to a generalised super-lattice that is equipped with a super-symmetric Z-bilinear form. Usually one associates vertex algebras to lattices rather than finitely generated abelian groups. However we will want to associate graded vertex algebras to K-theory groups, which can have torsion. This generalisation is easy.
In section 4 we define the Betti homology of a higher C-stack using Simpson's topological realisation of simplicial presheaves. We then briefly outline Joyce's graded vertex algebra construction. Section 5 concerns itself with computing the rational E-homology of the moduli stack M of perfect complexes of coherent sheaves on a smooth complex projective variety X. Special attention is paid to varieties of type D. In section 6 we use the description of E * (M) in terms of E-Chern characters to give very explicit formulas for the state-to-field correspondences. From this, we are able prove Theorem 1.1 by calculation. Some of the calculations in section 6 are modelled on those in [44, § 7] .
2 Spectra, group completion, and oriented cohomology
A spectrum is a sequence of CW complexes {E i } i∈Z together with continuous maps σ i : ΣE i E i+1 called bonding maps. A spectrum {E i , σ i } is called an Ω-spectrum if all bonding maps are equivalences. All our spectra are assumed to be Ω-spectra. A map of spectra E F is a collection of continuous maps E i F i which are compatible with the bonding maps. An equivalence of spectra E ≃ F is a map of spectra E F that is level-wise equivalence of CW complexes. If E and F are two spectra then there is a mapping spectrum [E, F ] whose nth space is Map C 0 (E n , F n ). For k ≥ 0 the kth homotopy group of a spectrum E is defined to be π k (E) := lim −n π n+k (E n ). Spectra will be interesting for two reasons. First, they determine an interesting class of topological spaces called infinite loop spaces. Second, they can be used to define cohomology theories on infinite CW complexes when the usual definition would be pathological. Some general references for spectra are Adams [2] , Hovey-Shipley-Smith [42] , and Mandell-May-Schwede-Shipley [52] .
Generalised cohomology theories
In this section we introduce generalised cohomology theories, Thom isomorphisms, infinite loop spaces, and pushforward or "umkehr" maps. For further background on infinite loop spaces the reader is referred to May [56] . For Thom isomorphisms see perhaps Bott-Tu [15] or Rudyak [65] and for umkehr maps see Cohen-Klein [25] or Dyer [31] . For Atiyah duality, which is used in passing, see Atiyah [6] and Dold-Puppe [28] . Definition 2.1. A (generalised) reduced cohomology theory is a collection of functorsẼ i : CW Ab for n ∈ Z together with suspension isomorphisms
satisfying the following three axioms:
2. (excactness) for every inclusion i : A ֒ X the sequencẽ
is exact, and 3. (additivity) for a wedge sum X = α X α the inclusions induce an isomorphismẼ
Given a reduced theoryẼ one can define the unreduced theory by E * (A, X) := E * (X/A) and E * (X) := E * (X, ∅) := E * (X + ) where X + denotes X with an additional base-point adjoined.
Given a spectrum E = {E n , σ n } n∈Z the functorsẼ n (−) = π 0 Map C 0 (−, E n ) define a reduced cohomology theory; in this case one says that E represents the reduced theoryẼ * (−). [20] ). LetẼ * (−) be a reduced cohomology theory. Then there exists a spectrum E such thatẼ * (−) is represented by E.
Proposition 2.2 (Brown
Example 2.3. For all n ≥ 0 and abelian group A there is an Eilenberg-Maclane space K(n, A) such that
There are equivalences K(n, A) ∼ − ΣK(n + 1, A); taking these as bonding maps gives the Eilenberg-Maclane spectrum HA with HA n = K(n, A). HA represents reduced ordinary cohomology with coefficients in A. The homotopy category of spectra Ho(Sp) is triangulated. Indeed, for any spectrum E and any n ∈ Z there is a spectrum Σ n E with the property that Σ n E k = E n+k for all k ∈ Z. Then Σ := Σ 1 : Ho(Sp) Ho(Sp) is a shift functor. The homotopy category is also symmetric monoidal with respect to a tensor product ∧ : Ho(Sp) × Ho(Sp) Ho(Sp) called the smash product. The smash product of spectrum is related to the smash product of topological spaces by the identity 
The sphere spectrum is a unit for the smash product. Smash products can be used to describe generalised homology theories. Indeed, for any spectrum E the functors X π n (Σ ∞ X ∧ E) define a generalised (reduced) homology theory. In this language, the data of a degree n E-homology class is the same as the data of the homotopy class of a map S Σ n (Σ ∞ X + ∧ E).
Definition 2.7.
A ring spectrum is an ordered triple (E, µ, η) where E is a spectrum, µ : E ∧ E E is a spectrum map called the multiplication, and η : S E is a spectrum map called the unit such that µ
Both KU and HA can be made into ring spectra. Any cohomology theory represented by a ring spectrum has cup products.
Let X be a connected finite CW complex and let V X be a rank n real vector bundle. Choose a metric g on the fibres of V . Using g one can form the unit disc bundle D(V ) and the unit sphere bundle S(V ). The Thom space of V is the quotient bundle T h(V ) = D(V )/S(V ). The Thom space is independent of the choice of g. Pulling back Th(V ) X along the inclusion of some point x 0 ֒ X and applying Σ ∞ gives a map fib : Σ n S Σ ∞ Th(V ) whose homotopy class is independent of x 0 . If (E, µ, η) is a ring spectrum, then an E-Thom class (or E-orientation) for V is a map
be an embedding and let ν e denote the normal bundle of e. Then the homotopy type of the spectrum Th(X) := Σ −N Σ ∞ Th(ν e ) is independent of e and this spectrum is called the Thom spectrum of X. An E-orientation of X is an EThom class u X : Th(X) Σ −k E and X is said to be E-orientable if there exists an E-Thom class for X. The data of an E-Thom class for X is equivalent to the data of an E-orientation on its tangent bundle T X (see Dyer [30 
There is useful a diagonal map d : Th(X) Th(X) ∧ Σ ∞ X + defined by applying Σ −N • Σ ∞ to the top map of the tower
This determines a equivalence [
which, by construction, induces the usual Thom isomorphism on homotopy groups.
The notion of umkehr map is a generalisation of the notion of integration along the fibres of an oriented vector bundle. Let (E, µ, η) be a ring spectrum, let f : X Y be a smooth map of compact connected E-oriented manifolds of dimensions k and ℓ. Then the umkehr map f
where the map Th(Y ) Th(X) is the one induced by
Y is merely a fibration whose homotopy fibre is a compact connected E-oriented k-manifold then there is a fibrewise Thom spectrum construction leading to an umkehr map f [3] ). We do not require umkehr maps in this generality. We need only consider projections π : X × Y Y where X is a compact connected E-oriented k-manifold-allowing us to avoid introducing parameterised spectra. In this case one has a Thom isomorphism [
One then gets an umkehr map on cohomology E * (X × Y ) E * (Y ) using these Thom isomorphisms. Now let (E, µ E , η E ) and (F, µ F , η F ) be two ring spectra and let Φ : E F be a morphism of ring spectra. Let X be an E-oriented and F -oriented compact connected k-manifold. Then let Td E,F (X) be the cohomology class given by the composition
For example, when E is complex topological K-theory and F is rational ordinary cohomology then Td E,F (X) is the Todd class of X.
Note we define the cohomology ring of a CW complex to be the direct product of all cohomology groups. This is necessary, for example, to make sense of the universal Todd class of a complex line bundle because Td(EU (1)
] is a formal power series.
3
There is a version of the Riemann-Roch theorem for generalised cohomology theories. The following is a straightforward adaptation of Dold's AtiyahHirzebruch-Riemann-Roch theorem for maps between compact manifolds [27] .
Y be a projection where X is a compact connected k-manifold. Let Φ : E F be a morphism of ring spectra and suppose that X is both E-oriented and F -oriented. Then for all v :
Complex-oriented spectra
The author found Adams [2] , Lurie [51] , and Rudyak [65] useful in writing this subsection.
A complex orientation of a ring spectrum (E, µ, η) is a choice of E-Thom class for every complex vector bundle. A ring spectrum together with a choice of complex orientation is said to be a complex-oriented spectrum. Cohomology theories represented by spectra with canonical complex-orientations include ordinary cohomology, complex topological K-theory, and complex cobordism. Note that an almost complex manifold is oriented with respect to any complex-oriented cohomology theory. Hence all of the manifolds considered in sections 5 and 6 are E-oriented if E is complex-oriented.
For any complex oriented cohomology theory E there is a corresponding Atiyah-Hirzebruch spectral sequence
line bundle. The tensor product of complex line bundles is classified by a map m :
If R is a Q-algebra then the logarithm of the formal group law F is the power series
.
The logarithm satisfies the identity
Definition 2.9. Let E be a complex-oriented spectrum and let R = E * (pt) be a Q-algebra. For any CW complex X, there is a natural equivalence of ring spectra DoCh 
called the E-Dold-Chern character. We define the E-Chern character ch E :
One can write down an explicit formula for E-Chern characters.
Proposition 2.10. Let E be a complex oriented spectrum with E * (pt) a Qalgebra. Let L X be a complex line bundle over a CW complex X. Then
Proof. By naturality of the E-Dold-Chern character, it suffices to prove the proposition when X is BU (1) and L is the universal complex line bundle
is given by c
, where exp F denotes inverse of the formal logarithm of F [65, Thm. Vii. 6.18] . Therefore π * (DoCh
For all n ≥ 0 and any complex-oriented spectrum E there is an isomorphism
⊗n . This is called the splitting principle. The splitting principle implies that (2.1) determines a formula for the E-Chern character of any complex vector bundle. The following is now elementary. Corollary 2.11. Then E-Chern characters obey the sum and tensor product rules of ordinary Chern characters
and
for all complex vector bundles V, V ′ X on a CW complex X.
Homotopy-theoretic group completions
In this subsection, we review parts of the theories of H-spaces as in Stasheff [71] , homotopy-theoretic group completions as in May [55] , and semi-topological Ktheory as in Friedlander-Walker [35] . An H-space is a CW complex X together with a multiplication m : X × X X, and a unit e : pt X such that m is homotopy associative m
An H-space (X, m, e) is said to be commutative if m is homotopy commutative. All our H-spaces are assumed to be commutative. An
If X is an H-space then π 0 (X) is an abelian monoid. One says that an Hspace X is group-like H-space if π 0 (X) is an abelian group. This is equivalent to the condition that m : X × X X admits a homotopy inverse. Any connected H-space is group-like [57 
of commutative-graded Q-Hopf algebras.
Given an H-space that is not group-like, one can sometimes complete it to a group-like H-space.
Definition 2.13. Let X be an H-space. Then a homotopy-theoretic group completion of X is an H-map Ξ : X X + to a group-like H-space X + such that
is group completion of the monoid π 0 (X), and
is module localisation by the natural π 0 (X) action, for every abelian group A.
Note that homotopy-theoretic group completions are not defined by a universal property. Caruso-Cohen-May-Taylor have demonstrated that homotopytheoretic group completions have a weak universal property [24] . Two continuous maps f, g : X Y are said to be weakly homotopy equivalent, written f ≃ w g if for every continuous map h : Z X from a finite CW complex Z there is a homotopy f • h ≃ g • h.
Proposition 2.14 (see [24, Prop. 1.2] ). Let Ξ : X X + be a homotopytheoretic group completion such that π 0 (X) contains a countable cofinal sequence. Then for any group-like H-space Z and any weak H-map f : X Z there exists an H-map g : X + Z, unique up to weak homotopy, such that
Suitably enhanced H-spaces admit homotopy-theoretic group completions. Two essentially equivalent such enhancements are Segal's Γ-spaces [66] and May's E ∞ -spaces [54] 5 . This formalism is useful in defining the semi-topological K-theory of varieties. Let Gr denote the complex ind-scheme
Taking the underlying complex analytic space of Gr gives
which is an E ∞ -space whose homotopy-theoretic completion is n≥0 BU (n) BU × Z. What is more, given any smooth complex projective variety X the underlying analytic space of the mapping ind-scheme Map(X, Gr) an is an E ∞ -space (see [36, Prop. 2 
.2]). The homotopy-theoretic group completion of Map(X, Gr)
an is called the semi-topological K-theory space of X and is written Ω ∞ K sst (X). The nth semi-topological K-group of X is defined by K n sst (X) := π n (Ω ∞ K sst (X)). Complex topological K-theory can be described similarly. Let M be a CW complex. Then the mapping space Map C 0 (M, n≥0 BU (n)) is an E ∞ -space whose homotopy-theoretic group completion is equivalent to
. It is interesting that, just as the co-cycle theory H * sing (−) has a bundle theory K * top (−) the bundle theory K * sst (−) has an associated (bigraded) cocycle theory L * H * (−) called morphic cohomology (see Friedlander-Lawson [33] ). There is also an analogous rational Chern character isomorphism K *
5 Given an action of an E∞-operad on an H-space S one can write down a topological monoid M and a homotopy equivalence S 
Rational homotopy theory
The subject of rational homotopy theory was initiated by the foundational works of Quillen [64] and Sullivan [72] on the algebraicisation of the homotopy types of rational spaces. The standard encyclopaedic reference for this subject in Félix-Halpern-Thomas [32] . We recall only a small portion of rational homotopy theory that will be used in later proofs. Our only use of the theory will be to compute the rational cohomology of an evaluation map. The reader may wish to skip this subsection.
The cohomology of a real manifold X is the homology of the de Rham R-cdga (Ω * dR (X), d dR ). Every topological space X has a Q-cdga (A PL (X), d) called the algebra of rational polynomial forms such that rational cohomology of X is isomorphic to the homology of (A PL (X), d) [32, § 10] . When X has the homotopy type of a manifold there is an isomorphism
commute, where (SSym
are both Sullivan models. Every Sullivan algebra is isomorphic to a particularly nice Sullivan algebra called its minimal model [32, §12, Def. 1.3] which is unique up to isomorphism. A Sullivan model of a topological space X is a Sullivan model of (A PL (X), d) and a minimal model of X is a minimal model of (A PL (X), d). A model of a topological space X is a Q-cdga which admits a Sullivan model quasiisomorphic to a Sullivan model of X. Models of continuous maps are defined analogously. Models of H-spaces and function spaces are very well-understood. Haefliger [40] , following up on work of Sullivan [72, p. 314 ] constructed Sullivan models for spaces of cross-sections of nilpotent bundles homotopic to a given section and their corresponding universal evaluation maps. These results were further refined by Brown-Szarba [21] . We specialise to the case of trivial fibrations with nilpotent fibre. . . , a n } for A and a dual Q-basis {a
If X is a CW complex such that there exists a model (not necessarily minimal) of X with vanishing differential, then X is said to be formal. H-spaces, symmetric spaces, and compact Kähler manifolds are examples of formal spaces.
Graded vertex algebras
Some references for the basic vertex algebra theory presented here are Borcherds [17] , Kac [47] and Lepowsky-Li [49] . We, after Joyce [44] , work with Z-graded vertex R-algebras. Throughout, R will denote a fixed commutative unital ring. A formal power series n∈Z v n z −n−1 is called a field if v n = 0 for n ≫ 0. For a graded R-module V we write F (V ) for the graded R-module of End R (V )-valued fields. Grade F (V ) so that a field of degree n is a map V V [[z, z −1 ]] of degree n, where z has degree −2. 
• there exists N ≫ 0 such that
Their tensor product is a graded vertex algebra (V ⊗W, Y V ⊗W , |0 V ⊗W ) whose space of states is the graded tensor product V ⊗ W , whose vacuum vector is given by |0 V ⊗W = |0 V ⊗ |0 W , and whose state-to-field correspondence is given by
It is often more useful to describe a vertex algebra in terms of a generating set of fields, rather than by describing all fields. 
Then there is a unique graded vertex R-algebra structure on V such that |0 is the vacuum vector and such that the state-to-field correspondence maps a i a i (z).
We now associate a graded vertex R-algebra to a finitely generated abelian group with symmetric bilinear form by describing a generating set of fields. From now on, we assume that R is a Q-algebra. Usually, one associates vertex algebras to integral lattices. However the same construction works for finitely generated abelian groups that are equipped with a symmetric Z-bilinear form-this is because one always immediately tensors the lattice with the rational or the complex numbers anyway. We do this because we will consider graded vertex R-algebras associated to the K-groups of a smooth complex projective variety. Of course, these groups can have torsion.
An generalised integral lattice is a finitely generated abelian group equipped with a symmetric Z-bilinear form. Let (A + , χ + ) be a generalised integral lattice and let ι : B + A + be a map of finitely generated abelian groups. Let h := A + ⊗ Z R. Then χ + extends to an R-valued symmetric bilinear form on h which, by abuse of notation, we will also call χ
It is the affinisation of h viewed as an abelian Lie algebra. There is a unique irreducible level 1 Lie algebra representation ρ 1 :ĥ Sym R (A 
where c α are operators c α :
and given α ∈ B + e α c α e β c β = (−1)
Then the collection of fields v(z) and Γ α (z) generate a graded vertex R-algebra structure on V A + ,B + . For any given solution of (3.1) and (3.2) there is a unique such graded vertex R-algebra structure (cf. [47, Thm. 5.4]). The only solutions of (3.1) and (3.2) that concern us are scaling operators
with ǫ α,β ∈ {±1}. For such c α , equations (3.1) and (3.2) are satisfied if and only if for all α, β, γ ∈ B + ǫ α,0 = ǫ 0,α = 0 (3.3) . Given a finitely generated abelian group A − equipped with an anti-symmetric integral bilinear form χ − one can construct a similar graded vertex R-algebra.
Consider the Lie algebra h
Let A = U (h − )/(K −1) and let A ≥0 denote the ideal of A generated by elements of the form (v ⊗ t m 2 ) · 1 with v ∈ A + and m ≥ 0. Then there is a natural Lie algebra representation ρ
). The collection of fields {v(z)} v∈A + generate a graded vertex R-algebra structure on (A
. This is called the vertex algebra associated to (A − , χ − ). When A − is torsion-free and χ − is non-degenerate, this construction gives Abe's symplectic fermionic vertex operator algebra [1] .
A generalised integral super-lattice is a finitely generated abelian group A, which is written as a direct sum A = A + ⊕ A − of two generalised lattices, equipped with a Z-valued bilinear form χ such that χ + := χ| A + is symmetric and χ − := χ| A − is anti-symmetric. One can associate a graded vertex R-algebra to a generalised integral super-lattice. These are the kinds of graded vertex Ralgebras that appear on the homology of moduli stacks of complexes of coherent sheaves on varieties in class D. + be a map of finitely generated abelian groups. Let V A + ,B + be the generalised lattice vertex R-algebra associated to (A + , χ + ) and ι. Let V A − denote the graded vertex R-algebra associated to (A − , χ − ). Write V A = V A + ,B + ⊗ V A− for the tensor product graded vertex R-algebra. This is called the generalised super-lattice vertex R-algebra associated to (A = A + ⊕ A − , χ) and ι. It is defined up to a choice of solution to (3.3)-(3.5) .
It will be convenient to express generalised super-lattice vertex R-algebras in the following form. + be a map of finitely generated abelian groups. Let Q + , Q − be additive bases for A + ⊗ R, A − ⊗ R respectively, and let Q = Q + ∪ Q − . Then there is a natural isomorphism of graded R-algebras
where the right hand side of (3.6) is graded by declaring e α ⊗ v∈Q,i≥1 u nv,i v,i to be of degree
Proof. The map
extends to an R-algebra isomorphism. Because e α ⊗ (v
With notation as in Proposition 3.6, for v + ∈ A + ⊗ R one writes
The following is a consequence of the reconstruction theorem (Proposition 3. 
for all v ∈ Q, n ∈ Z is isomorphic to the generalised super-lattice vertex Ralgebra associated to (A, χ) and ι.
Proof. The proof is nearly identical to that of [47, Thm. 5.4] . First, the collection {v(z), Γ α (z)} v∈Q,α∈B + is a set of mutually local generating fields. Moreover, the derivation T = ∂ t makes the collection {v(z), Γ α (z)} v∈Q,α∈B + into a Tcovariant collection. Also (3.8) implies the state-to-field correspondence maps
p. 102-3]). So (3.8), by Proposition 3.4, determines a graded vertex R-algebra structure on
It remains to show that the super-lattice vertex algebra
The v ∈ Q − case is similar.
The homology of higher stacks
We now review some material in [44] : the construction of an explicit state-tofield correspondence on the homology of moduli stacks M A of objects in certain dg-categories A. It is assumed that the reader is familiar with the basic language of model category theory, for which the reader is referred to Hovey [41] . The moduli spaces which are the focus of the present document are stacks of perfect complexes of coherent sheaves on varieties. These moduli problems are not representable by schemes or stacks, but by higher stacks. For the general theory of higher stacks the reader is referred to Lurie [50] , Pridham [62] , Simpson [69] , Toën [75] , or Toën-Vezzosi [77] . The construction of moduli stacks of objects in saturated C-dg-categories is due to Toën-Vaquié [76] . 8 We will first need to say exactly what is meant by the homology of a higher C-stack.
In [44] there is a list of axioms that a functor H * (−) : Ho(HArt) R-mod must satisfy in order to endow H * (M A ) with the structure of a graded vertex algebra over R (provided certain assumptions A hold). These axioms include the existence of cup products, the existence of Chern classes, and A 1 -homotopy invariance. Another axiom is that the (co)homology of a derived Artin Cstack X is the same as the (co)homology of its un-derived truncation t 0 (X ) ∈ Ob(HArt C ). Therefore there is no real distinction between (co)homology theories of derived Artin stacks and (co)homology theories of higher Artin stacks. A (co)homology theory of higher C-stacks with coefficients in R is a collection of covariant functors H i (−) : Ho(HArt C ) R−mod and contravariant functors
If these functors satisfy every axioms except the one requiring H * (Spec(C)) ∼ = H * sing ( * ) then
Ho(HArt C ) R−mod is said to be a generalised (co)homology theory.
One can use simplicial presheaves to model the homotopy theory of higher C-stacks. Given a finite type affine C-scheme U , there is a simplicial set U an which is the singular complex of the underlying complex analytic space of U .
Taking the left Kan extension along the simplicial Yoneda embedding yields a functor (−)
top : sP r(Aff C )é
sSet. This functor is called the topological realisation of a simplicial presheaf. The topological realisation was first defined by Simpson [68] .
Example 4.1. Let G be an algebraic group acting on a scheme X. Then
Definition 4.2. Let X be a higher Artin C-stack. The Betti cohomology of X with coefficients in R is defined to be
where H : Ho(sSet) Ho(R-mod) denotes the R-coefficient singular cohomology of topological spaces. The Betti homology of X with coefficients in R is defined similarly, as is the E-(co)homology of X for a spectrum E.
When writing sPr(Aff C ) it is assumed that sPr(Aff C ) bears the projective (global) model structure. Fixing a Grothendieck topology τ on Aff C such as thé etale topology allows one to define τ -hypercoverings. Taking the left Bousfield localisation of SPr(Aff C ) with respect to τ -hypercoverings gives a model category SPr(Aff C ) τ with the τ -local model structure. Localizing sPr(Aff C )é t with respect to A 1 -homotopy equivalences yields a model category sP r(Aff C )é We now recall the definition of the class of stacks whose cohomology can be given the structure of a graded vertex algebra as in [44] 9 .
Definition 4.3. Let A be a saturated 10 C-linear dg-category and let M denote the moduli stack of objects in A. Define stack morphisms
M α+β denote the stack morphism induced by the direct sum of objects in A. Then a singular ring associated to M is the data of 
for some n ∈ Z , 9 Joyce also defines vertex algebras on the homology of moduli stacks of objects in both abelian categories and triangulated categories. We work only with the triangulated category version of this theory. e. for all α, β, γ ∈ K(A) there are isomorphisms
and f. for all α, β ∈ K(A) there are isomorphisms
By abuse of language we say that a moduli stack M is a singular ring when we have in mind a particular singular ring (M, K(A), Θ, χ, {ǫ α,β} α,β∈K(A) ). The reason for the term "singular ring" is explained in the introduction. 
Then H * (M) is a graded vertex algebra over R. 
defines a state-to-field correspondence. When R is a Q-algebra, (4.1) can be rewritten as
Meinhardt proved a similar theorem in E-homology, where E is any complexoriented spectrum [58] . For example, the formula
defines a state-to-field correspondence on E * (M) when E * (pt) is a Q-algebra.
Computation of the homology of Perf(X)
Throughout this section, let X denote a smooth complex projective variety and let M be the higher C-stack parameterising objects in C-dg-category Perf(X). We compute the rational homology of M. Blanc introduces a functor K sst : dgCat C Sp called the (connective) semitopological K-theory of complex non-commutative spaces which offers a generalisation of the (connective) semi-topological K-theory of complex varieties [14] . This functor will allow us to relate the topological realisation of the moduli stack of objects in Perf(X) to the semi-topological K-groups of X. 
of infinite loop spaces.
In particular, the set of connected components of M is given by K 0 sst (X). The 0th semi-topological K-group K 0 sst (X) is isomorphic to the quotient of the Grothendieck group K 0 (Vect(X)) by the relation of algebraic equivalence (see [35] ).
Lemma 5.2. Let α ∈ K 0 sst (X) and let M α ⊂ M denote the substack of perfect complexes of coherent sheaves on X of class α. Then there is an
and, for t ∈ A 1 /{0},
Thus Ψ E • is a left homotopy inverse of Φ E • . For the other direction, one may define a homotopy
. One can write theγ 1 , ...,γ m as linear combinations of homology classes of continuous maps γ 1 , ..., γ n :
an . These can be regarded as
an that are holomorphic in the X an direction which, by abuse of notation, we will also denote γ 1 , ..., γ n . The image im(
an is a subset of real Hausdorff dimension less than or equal to k + 2dim C X.
Let L denote a generic subspace of C N of complex dimension 1.
Calculation gives that (5.2) holds if
Therefore, when N, ℓ satisfy (5.3) there is an equality
Further, Map alg (X, Gr(C ℓ , C N )/S) an deformation retracts onto the inclusion of
defined by taking the homotopy-theoretic group completion of Map alg (X, Gr) an . By definition of the homotopy-theoretic group completion, the homology of the identity component of Ω ∞ K sst (X) is isomorphic to the inductive limit of the homologies of the connected components of Map alg (X, Gr)
an (see also 
is finite for all ℓ because homology preserves
an + k/2 − 1 the right hand side of (5.5) then equals a lim sup over only finitely many finite terms, hence finite. 
Proof. By Lemma 5.3, one may apply the Milnor-Moore theorem to get an isomorphism
of graded Q-Hopf algebras. By this, Lemma 5.2, and the Künneth formula
The rational semi-topological Chern character isomorphism gives (5.6). For (5.7), note that the finite typeness of M 0 gives isomorphisms
Observing that the group algebra Q[K 0 sst (X)] is a self-dual Hopf algebra then establishes (5.7).
Computing semi-topological K-theory is, in general, not an easy task. There is however a certain class of varieties for which computing semi-topological Ktheory is not hard. 
Remark 5.6. Our terminology is motivated by the following: FriedlanderHaesemeyer-Walker say that a variety V is in class C if the refined cycle maps [37, Def. 5.8] are isomorphisms for all t and n. The condition of being in class C is much stronger than what we want. For example, a smooth surface S will not be in class C unless all of H 2 (S an ) is algebraic. This would exclude many interesting surfaces, such as K3 surfaces. If a variety is in class C then
is an isomorphism for i ≥ dim C V − 1 and injective for i = dim C V − 2; one could call this property being in class E. If so, then all surfaces are in class E [37, Thm. 3.7] and class C ⊂ class D ⊂ class E. Proof. If V is a smooth complex projective curve, a smooth complex quasiprojective surface, a smooth complex a quasi-projective toric 3-fold, or a smooth complex projective toric 3-fold then
is an isomorphism for i ≥ dim C V − 1 and injective for i = dim C X − 2 [37, Thm. 7.14] e.g. V is in class E. This establishes 1. and 2. In cases 3. and 4. the condition K 
Proof. By definition of class D, each connected component Ξ α :
α of the natural K-theory comparison map is a weak homotopy equivalence. Proposition 5.1 then gives a weak homotopy equivalence
As X an is a compact metric space and BU × Z has the homotopy type of a countable CW complex, Map C 0 (X an , BU × Z) α has the homotopy type of a CW complex [60, Cor. 2] . Because M top α is the realisation of a simplicial set it is a CW complex too. Whitehead's theorem then lifts the weak homotopy equivalence (5.8) to a homotopy equivalence.
The following lemma allows us to define E-Chern classes and topological realisations of perfect complexes on higher C-stacks.
Lemma 5.9. Let Perf C denote the C-stack of perfect complexes of complex vector spaces. There is a homotopy equivalence
Proof. The stack Perf C is the moduli stack of perfect complexes of coherent sheaves on a point. By Proposition 5.1 there is a weak homotopy equivalence Perf
The H-space structure on n≥0 BU (n) is induced by a Γ-space structure in the sense of Segal [66, Def. 1.2] . Then, as in [66, §4] , there is a map of Γ-spaces n≥0 BU (n) ΩB( n≥0 BU (n)) which is a homotopy-theoretic group completion. The equivalence
follows from [66, p. 305] with R = C. Definition 5.10. Let X be a higher C-stack and let E
• be a rank r perfect complex on X . Then there is a map φ E • : X Perf r C classifying E • . Let E be a complex-oriented spectrum and write R := E * (pt). By Lemma 5.8, taking E-cohomology then gives a homomorphism
The ith E-Chern class of
. Similarly, taking Ecohomology of a rank r K-theory class [F ] : X an BU gives a homomorphism
The ith E-Chern
• , and φ E • be as in Definition 5.10. Then functoriality of the topological realisation gives a continuous map (
The following Proposition makes it possible to compute the Chern classes of the universal complex over X × M when X is in class D.
Proposition 5.12. Let X be in class D and α ∈ K 0 sst (X). Let E • α be the universal perfect complex over X ×M α and let E α : X an ×Map C 0 (X an , BU ) α BU denote the evaluation map. Then there is a homotopy
In particular, the image of 
Note that both Γ and the natural K-theory comparison map Ξ :
homotopy commute. By the weak universal property of homotopy theoretic group completions, Γ is weakly homotopic to Ξ [24, Prop. 1.2]. Therefore, the restrictions of Γ, Ξ along any map S n Ω ∞ K sst (X) are homotopic. In particular, Γ and Ξ induce the same maps on homotopy groups. Because X is in class D, Ξ α is a homotopy equivalence for all α ∈ K 0 sst (X). This now implies that Γ α is a homotopy equivalence for all α ∈ K 0 sst (X). Because Γ α makes the diagram
The following Theorem can be seen as a stabilisation of the results of AtiyahBott [7, Prop. 2.20] on Riemann surfaces, which applies to varieties in class D.
Theorem 5.13. Let X be in class D and let α ∈ K 0 sst (X). Then H * (M α , Q) is freely generated as a commutative-graded Q-algebra by the Künneth components of Chern classes of the universal complex E
• α over X × M α . 
From this it is clear that the generators of SSym Q [π * (BU ) ∨ ⊗ H * (X an , Q)] can all be written as slant products of Chern classes of [E α ] with rational homology classes.
Because the leading coefficients of the universal Chern character polynomials are non-zero, one can also regard the cohomology H * (M α , Q) as being freely generated as a commutative-graded Q-algebra by the Künneth components of Chern characters of E
• α . More generally, we can consider any complex-oriented cohomology theory whose coefficient ring is a Q-algebra.
Corollary 5.14. Let E be a complex-oriented rational spectrum. Write R := E * (pt). Then E * (M α ) is freely generated as a commutative-graded Q-algebra by the Künneth components of the E-Chern characters of the universal complex
Proof. Because E is a rational spectrum, there is an E-Dold-Chern character isomorphism
It is clear from the definition of E-Chern characters that the E-Dold-Chern character sends E-Chern characters to Chern characters.
Fix, for the remainder of this document, a basis Q = {v 1 , . . . , v r } of the K-
By the above Corollary, if X is in class D, then for all α ∈ K 0 sst (X) there is a canonical isomorphism of graded Q-algebras
given by ch
Calculation of the fields
We explicitly compute Joyce's fields in the case that X is in class D. Throughout this section E will denote a complex-oriented such that R := E * (pt) is a Qalgebra and will (−)
By abuse of notation, we also write (−) ∨ for the involution on K-theory induced by taking duals of bundles.
We define a super-symmetric bilinear form on
if X is 2n-Calabi-Yau for some n ≥ 1 and by
if X is not 2n-Calabi-Yau for any n ≥ 1. We will need to know that χ
is an integral form.
Proof. For brevity let Φ E denote the E-Dold-Chern character and let τ 
commutes. Commutativity of the upper triangle and middle square of (6.1) follow from the definition and multiplicativity of the E-Dold-Chern character.
Because Φ E is induced by a ring morphism of ring spectra, it commutes with Thom isomorphisms [65, Prop. V.1.6]. So, for all v ∈ E * (X an ), we can calculate
where p : X an pt. This establishes commutativity of the bottom triangle of (6.1).
Let E
• denote the universal complex over X × M and, for α ∈ K 0 sst (X), let E
• α denote the universal complex over X × M α . Let E the evaluation map for Map C 0 (X, BU ×Z) and let E α denote the evaluation map for
and if X happens to be 2n-Calabi-Yau then
This allows us to make
∨ , χ to be the restriction of the Euler form to K 0 sst (X), and taking {ǫ α,β } α,β∈K 0 sst (X) any solution of (3.
, χ to be the restriction of the symmetrised Euler form to K 0 sst (X), and ǫ α,β = (−1) χ(α,β) . To get an explicit formula for Y (−, z) one has to calculate the E-Chern classes of Θ
• . We only know how to do this when X is in class D. For brevity we write U = π * (E) ∨ ⊗ π * (E).
Lemma 6.2. Let X be in class D and let α, β ∈ K 0 sst (X). Then, for all i ≥ 0
β (E β )) using twisted elliptic operators. Consider the elliptic operator
on X an . Given complex vector bundles P, Q X an we can choose connections ∇ P , ∇ Q on them and we can write down a Fredholm operator Map C 0 (X an , BU (n)) Fred(H) whose homotopy class is independent of the choices of connections ∇ P , ∇ Q .
11
By group-likeness of Fred(H) and the weak universal property of homotopytheoretic group completions there exists a weak H-map 11 Note that D ∇ P ×Q is a Fredholm map between two different infinite-dimensional seperable complex Hilbert spaces and that Fred(H) is the space of Fredholm operators H H on a fixed infinite-dimensional separable complex Hilbert space H. All infinite-dimensional separable complex Hilbert spaces are non-canonically isometrically isomorphic and in defining D U we are choosing identifications with H. However, the homotopy class of D U is independent of these choices.
12 The Atiyah-Singer family index theorem gives a weak homotopy because it applies to families of elliptic operators over compact topological spaces.
Proof. By Lemmas 2.8 and 6.2, we compute
So, for i ≥ 0, 
Proof. Pulling E
• α+β along the map Id × Φ α,β :
. Taking E-Chern characters and slanting with v ∨ ∈ Q ∨ gives E * (Id X × Φ α,β )(ch is moreover an isomorphism of graded vertex R-algebras where the right hand side of (6.9) denotes the graded generalised super-lattice vertex R-algebra on the generalised super-lattice (K Proof. By Proposition 3.7 it suffices to study fields which are of the form Y (u 0,v,1 , z) for v ∈ Q. We will assume that v ∈ Q + . The v ∈ Q − case is nearly identical.
First, suppose n < 0. For η ∈ E * (M α ), by Lemma 6. This identifies Y (u 0,v,1 , z) n with v n (−).
